We find homogeneous counting quasimorphisms that are effective at seeing chains in a free group F. As corollary, we derive that if a group G has an index-d free subgroup, then every element g ∈ G either has stable commutator length at least 1/8d or some power of g is conjugate to its inverse. We also show that for a finitely-generated free group F, there is a countable basis for the real vector space of homogeneous quasimorphisms on F.
Introduction
Counting quasimorphisms on free groups were first constructed by Brooks in [Bro81] . A useful variation of the Brooks' construction was introduced by Epstein and Fujiwara in [EF97] . Their variation counts the number of disjoint copies of a reduced word in another word (see Section 3). This induces a large family of homogeneous counting quasimorphisms on a free group with defect at most 4 [Cal09] . Further, like the Brooks' quasimorphisms, this family sees every element of F; that is, for any nontrivial element g ∈ F, there is a word w whose associated homogeneous counting quasimorphism φ w has φ w (g ) ≥ 1. Via Bavard's duality, this yields a lower bound of 1/8 for the stable commutator length (scl) of any nontrivial element in a free group.
In this paper, we are interested in quasimorphisms that see chains of a free group F. Let C 1 (F) be the vector space of real 1-chains of F and let C 1 (F) be the quotient of C 1 (F) by the subspace spanned by elements of the form g n − ng , and g − hg h −1 , where g , h ∈ G and n ∈ Z. Using a lexicographical order on F, we define the notion of effective words in F. Each effective word is indivisible (not power of another word) and is a unique representative of its own conjugacy class. We show that the set of counting quasimorphisms associated to effective words enjoy nice properties. In particular, for every nontrivial chain of the form i g i ∈ C 1 (F), there is an effective word w whose associated homogeneous counting quasimorphism φ w sees i g i (see Proposition 3.3). Using Generalized Bavard's Duality [Cal09] (see Theorem 2.1), we obtain We remark that the set B has the property that distinct elements represent distinct conjugacy classes, and for every indivisible element g ∈ B , either the conjugacy class of g or the conjugacy class of its inverse is represented in B . As corollary of Theorem 1.3, we obtain that for any countable free group, there is a countable basis for the real vector space of homogeneous quasimorphisms. However, it is essential that infinitely many of the corresponding coefficients r w are allowed to be nonzero, as there are homogeneous quasimorphisms that are not a finite linear combination of counting quasimorphism. See the end of the paper for an example or Examples 2.63 and 2.64 of [Cal09] .
Finally, we note that there is a sharp lower bound of 1/2 for the scl of nontrivial elements in free groups. This was first shown in [DH91] ; (see also [LW14] for another proof). The proof for this lower bound does not use quasimorphisms. Thus, it is natural to ask if the lower bound of Theorem 1.1 can be improved using a different argument.
The infimum over all such constants D is the defect D Φ of Φ. It is immediate that Φ is a homomorphisms if and only if D Φ is 0. A quasimorphism is homogeneous if it is a homomorphism on cyclic subgroups of G. Homogeneous quasimorphisms are (homogeneous) class functions, i.e. they are constant on conjugacy classes of G. Given a quasimorphism Φ, the homogenization of Φ is defined by
This is a homogeneous quasimorphism with defect
Let C n (G) be the real vector space freely generated by n-tuples of elements in G with boundary map ∂ :
A quasimorphism on G extends linearly to C 1 (G) and a homogeneous quasimorphism descends to the quotient C 1 (G) of C 1 (G) by the subspace spanned by elements of the form g n − ng , and g − hg h −1 , where g , h ∈ G and n ∈ Z. We denote by B 1 (G) = ∂C 2 (G) the subspace of real 1-boundaries of G and let B 1 (G) be the image of B 1 (G) in C 1 (G). For simplicity, we will take the Generalized Bavard's Duality as the definition of the stable commutator length (scl) of an element in B 1 (G). The definition of the scl of a chain (Definition 2.71) and a proof of the duality theorem (Theorem 2.79) can be found in [Cal09] . where φ ranges over all homogeneous quasimorphisms on G.
In the sum above, if n = 1 and r 1 = 1, then we obtain the usual Bavard's duality for scl(g ) of an element g ∈ [G,G].
We now describe the finite-index formula stated in [Cal09, Proposition 2.80]. Suppose H is a finiteindex subgroup of G. Let X be a space with fundamental group G, and let X be the covering space associated to the subgroup H . Given a loop γ representing the conjugacy class of g ∈ G, the preimage in X can be expressed as a finite union of loops γ 1 , . . . , γ k each covering γ with some finite degree. Suppose γ i represents the conjugacy class of h i ∈ H . Then the following formula holds.
Theorem 2.2 (Finite index formula)
.
Effective words
Let F be a free group, possibly with infinite rank. Fix a well-ordered, symmetric, free generating set for F and equip F with the lexicographical order. Let |w | be the word length of w ∈ F. By conjugacy length |w | C of w we will mean the word length of a cyclically reduced representative of the conjugacy class of w . For each cyclically reduced word w ∈ F, let [w ] be the set of conjugates of w obtained by cyclically permuting the letters of w . Note that [w ] is a finite set. We will call a word w ∈ F effective if w is indivisible and cyclically reduced, and it has minimal lexicographical order among all elements in [w ]. For any indivisible element g ∈ F, we will say w is an effective representative of g if w is conjugate to g and w is effective.
Let w be a reduced word. For any g ∈ F, let C w (g ) be the maximum number of disjoint copies of w in the reduced representative of g . Define
By [Cal09, Proposition 2.30], Φ w is a quasimorphism with defect at most 2, thus its homogenization φ w has defect at most 4.
Lemma 3.1. If w ∈ F is effective, then φ w (g ) = 0 for any g ∈ F with |g | C < |w |.
Proof. In this proof, we will denote by w < w ′ to mean w is smaller than w ′ lexicographically. We may assume g is cyclically reduced, so |g | = |g | C . Suppose there exists n > 0 such that C w (g n ) = 1.
Since |g | < |w |, we must have n ≥ 2. By cyclically permuting the letters of g , we may assume w = (uv) n−1 u, where g = uv. By assumption, g is cyclically reduced so |uv| = |vu|. We can't have uv = vu, since this would imply u and v are both powers of the same word, which contradicts that w is indivisible. Hence, either uv < vu or vu < uv. If uv < vu, then uuv < uvu. But uvu is a prefix of w and uuv is a prefix of uw u −1 = u(uv) n−1 , so uw u −1 < w , contradicting the minimality of the order of w in [w ] . On the other hand, if vu < uv, then u −1 w u = v(uv) n−2 uu < w , since uv is a prefix of w but vu is a prefix of u −1 w u. Again, this contradicts minimality of w . We conclude C w (g n ) = 0 for all n > 0. Since this is true for all g with |g | < |w |, we also have
n > 0. This shows Φ w (g n ) = 0 for all n ∈ Z, whence the result.
The following lemma is immediate.
Lemma 3.2. Suppose w ∈ F is cyclically reduced and g ∈ F has |w | = |g | C . Then
• If g is conjugate to w , then φ w (g ) = 1.
• If g is conjugate to w −1 , then φ w (g ) = −1.
• In all other cases, φ w (g ) = 0.
The following proposition, together with Theorem 2.1 and the fact that D φ w ≤ 4 for any reduced word w ∈ F, yields Theorem 1.1. 
Similarly, if w We remark that the proof also shows that for any nonzero chain c = i r i g i ∈ C 1 (F), there is an effective word w ∈ F with φ w (c) > 0.
Proof of Corollary 1.2. Let G be a virtually free group with a free subgroup H of index d . By applying the finite index formula (Theorem 2.2) and Theorem 1.1 to H , we obtain that if scl G (g ) > 0, then scl(g ) ≥ 1/8d . It remains to show that scl G (g ) = 0 if and only if some power of g is conjugate to its inverse. Though this follows from known results ( [EF97] and [CF10] ), we will give an independent proof that depends only on our results on chains.
If some power of g is conjugate to its inverse then scl G (g ) = 0 follows from homogeneity. Conversely, suppose scl G (g ) = 0. Let N ⊳ G be a normal subgroup of finite index contained in H . The group N is is free, being a subgroup of a free group, so fix a well-ordered, symmetric, free generating set for N . Applying the finite-index formula to N , we obtain that
where each h i ∈ N is conjugate (in G) to some power of g . Since N is normal, each h i is conjugate to the same power of g . Therefore, it suffices to find a pair h i and h j such that h i is conjugate (in N ) to h 
